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Abstract 

We propose a new sheaf-theoretical method for the calculation of the monodromy 
zeta functions of Milnor fibrations. As an application, classical formulas of Kush- 
nirenko [12] and Varchenko [25] etc. concerning polynomials on C n will be general- 
ized to polynomial functions on any toric variety. 

1 Introduction 

One of the most beautiful results in the theory of Milnor fibrations would be the formula 
for the (local) Milnor monodromy zeta functions obtained by Varchenko [23] (see also 
[12] and [21] for the detail of this subject). In his formula, the Milnor monodromy zeta 
function Q(t) e C(t)* at G C n of a polynomial f(x) G C[x%, x%, . . . , x n ] on C n such 
that f(0) = is expressed by the geometry of the Newton polygon of / (for a similar 
and more precise result on Hodge structures, see also Tanabe [21]). To prove it, he 
constructed a toric modification of C n on which the pull-back of / defines a hypersurface 
with only normal crossing singularities. Since C™ is a very special toric variety, it would 
be natural to generalize his formula to Milnor fibers over general singular toric varieties. 
In this paper, we realize this idea with the help of sheaf-theoretical methods, such as 
nearby cycle and constructible sheaves. In particular, in Theorem 13.41 we prove a formula 
for the monodromy zeta functions of Milnor fibers over general (not necessarily normal) 
toric varieties. Note that general theories of Milnor fibers over complete intersection 
varieties were developed by Looijenga [13J and Oka [21] etc. However toric varieties are 
not complete intersection nor of isolated singularities in general. Also for Milnor fibers 
over varieties of determinantal singularities, see Esterov [3J. 

In order to give the precise statement of our theorem, let S be a finitely generated 
subsemigroup of the lattice M ~ U 1 such that G S. Denote by K(S) the convex hull 
of S in Ma = R ®i M. For simplicity, assume that K(S) is a strongly convex polyhedral 
cone in Mr (for the general case, see Remark I5TT|) such that dimK(S) = n and let M(S) 
be the Z-sublattice of rank n in M generated by S. Then X(S) = Spec(C[«S]) is a (not 
necessarily normal) toric variety of dimension n (see [1], [H] and [TH] etc. for the detail) 
on which the algebraic torus T = Spec(C[M(«S)]) — (C*) n acts. By our assumption, there 
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exists a unique T-fixed point in X(S), which we denote simply by 0. Let /: X(S) — > C 
be a non-zero polynomial function on X(S) (i.e. / = Y^ves a v ' v i a v ^ C) such that 
f(0) = 0. Denote by F the Milnor fiber off: X{S) — ► C at E X(S) (see for example 
[23] for a review on this subject). We define the monodromy zeta function C/,o(^) £ C(t)* 
of / at E X(S) by 

oo 

c/, (t)=n det ( id -^o) ( " i)j ' 

3=0 

where 

$,,o : &(Fo\ C) iF(F ; C) (j = 0, 1, . . .) (1.2) 

are the isomorphisms induced by the geometric monodromy automorphism F ^—>- F . 
Then we can give a formula for the zeta function C/,o(^) as follows. First, we define the 
Newton polygon T + (f) C K(S) of / just as in the classical case of polynomials on C n 
(see Definition EH). For each face A -< K(S) of the cone K(S) such that r+(/) n A ^ 0, 
let Ji, 7 A , . . . , 7 A A ) be the compact faces of r + (/) fl A such that dini7 A = dimA — 1. Let 
L(A) be the linear subspace of Mr spanned by A and denote by M(S fl A) the sublattice 
of M(iS) generated by S fl A. Then we can define the lattice distance df* e Z >0 from 7 A 
to e L(A) with respect to the lattice M(S n A) C L(A) (see Definition E3D. Finally, 
let Volg(7 A ) 6 Z be the normalized (dimA — l)-dimensional volume of 7 A with respect 
to the lattice M(S n A) n L(7 A ). 



Theorem 1.1 Assume that f is non-degenerate (in the sense of Definition \3.& below). 
Then the monodromy zeta function C/,o(0 °f f at & X(S) is given by 

o,o(f)= n caw, (i.3) 

r+(/)nA^0 

where for each face A -< K(S) of K{S) such that T+(f) fl A ^ we set 

caw= n (i-^j • 

i=l 



We will prove this theorem by decomposing the problem into those on the closures of 
T-orbits in X(S) with the help of nearby cycle functors introduced by Deligne |lj (see 
also [9, Chapter VIII] etc.). Recall the following basic correspondence (0 < k < n): 

{^-dimensional faces in K(S)} {/c-dimensional T-orbits in X(S)}. (1-5) 

For a face A of K(S), denote by the corresponding T-orbit in X(S). Then we obtain 
a decomposition X{S) = Ua^k(s) ^ a °f X(S) into T-orbits. To prove Theorem 11.11 
we first interpret the classical notions of Milnor fibers into the language of nearby cycle 
sheaves and reduce the problem to the computation of the monodromy zeta functions of 
the nearby cycle sheaves t/>/(Qt a ) of the constructible sheaves Ct a on X(S). Then by 
Proposition 12.91 we can study the monodromy zeta function of ^/(Cr A ) on the closure 
Ta of Ta- This simple idea largely simplifies the classical arguments and allows us to 
avoid topological difficulties we usually encounter in treating Milnor fibers over singular 
varieties. Indeed even the original proof of Varchenko's theorem in [25] would be also 
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simplified by our idea of decomposing C n into smaller tori (C*) d . Moreover, by applying 
the same idea to complete intersection subvarieties {fi — f 2 = • ■ ■ = fk = 0} in X(S), in 
Theorem 13. 121 we obtain also a generalization of the deeper results of Kirillov [11] and Oka 
|20j . [2~Tj to Milnor fibers over complete intersection subvarieties of singular toric varieties. 
In our Theorem 13.121 even on the smooth toric variety C n we could remove some technical 
assumptions (see [2TJ Chapter IV, §4, page 205]) imposed by [20] and [2TJ. For example, in 
our Theorem 13. 121 we do not assume any condition on the Newton polygons of polynomial 
functions fx, f2, ■ ■ ■ , fk on X(S). Note that Theorem 13.121 is also a natural generalization 
of the formula for the local multiplicities of toric varieties in [6l Theorem 3.16]. The proof 
of Theorem 13.121 is very simple and follows also from the functorial property (Proposition 
12.91) of the nearby cycle functor. Note that on C n Gusev [7j obtained independently a 
similar result in a special corollary of his main result. In Section [SI we extend 

our results to the monodromy zeta functions of T-invariant constructible sheaves. 

Finally, let us mention that the methods we developed in this paper can be applied 
also to other related problems. For example, in [16] we used this idea to compute the 
monodromy zeta functions at infinity. In another paper [15], some applications of our 
methods to A-discriminant varieties are also given. 

Acknowledgements: After submitting this paper to a preprint server, we were informed 
by Professor Gusev that he obtained a similar result on C n . We thank him cordially for 
showing us his very interesting paper [7]. 

2 Preliminary notions and results 

In this section, we introduce basic notions and results which will be used in this paper. 
In this paper, we essentially follow the terminology of [2], [H] and [§]. For example, for a 
topological space X we denote by D b (X) the derived category whose objects are bounded 
complexes of sheaves of C^-modules on X. 

Definition 2.1 Let X be an algebraic variety over C. Then 

(i) We say that a sheaf T on X is constructible if there exists a stratification X = \_\ a X a 
of X such that T\x a is a locally constant sheaf of finite rank for any a. 

(ii) We say that an object T of D fe (X) is constructible if the cohomology sheaf 

of T is constructible for any j e Z. We denote by D b (X) the full subcategory of 
D b (X) consisting of constructible objects T . 

Recall that for any morphism / : X — > Y of algebraic varieties over C there exists a 
functor 

Rf*: D 6 (X) — > T) b (Y) (2.1) 
of direct images. This functor preserves the constructibility and we obtain also a functor 

fl/.:D;(X)— Dj(y). (2.2) 

For other basic operations Rf\, f etc. in derived categories, see [9] for the detail. 

Next we introduce the notion of constructible functions and explain its relation with 
that of constructible sheaves. 
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Definition 2.2 Let X be an algebraic variety over C and G an abelian group. Then we 
say a G- valued function p: X — > G on X is constructible if there exists a stratification 
X = |J X a of X such that p|x a is constant for any a. We denote by CF G (X) the abelian 
group of G- valued constructible functions on X. 

Let C(i)* = C(t) \ {0} be the multiplicative group of the function field C(t) of the 
scheme C. In this paper, we consider CFg{X) only for G = Z or C(t)*. For a G- valued 
constructible function p: X — > G, by taking a stratification X = \_\ a X a of X such that 
p\x a is constant for any a as above, we set 



/ p := YxPQ ■ p(za) e C, 



(2.3) 



where 37 q, IS cl> reference point in X a . Then we can easily show that J x p e G does 
not depend on the choice of the stratification X = \_\ a X a of X. Hence we obtain a 
homomorphism 

r : CF G (X) — > G (2.4) 



A' 



of abelian groups. For p £ CF G (X), we call J x p e G the topological (Euler) integral of p 
over X. More generally, for any morphism /: X — > Y of algebraic varieties over C and 
p £ CF G (X), we define the push-forward JjP^ CF G (Y) of p by 



P (y) := / P (2-5) 
for y £ V. This defines a homomorphism 

^:CF G (X)-^CF G (F) (2.6) 

of abelian groups. If G = Z, these operations J x and J^, correspond to the ones Rr(X\ ■ ) 
and Rf* respectively in the derived categories as follows. For an algebraic variety X over 
C, consider a free abelian group 



Z(D»(X)) := { E "J^ 

K j : finite 



aj £ Z, T d £ D*(X) (2.7) 



generated by the objects Tj £ D^(X) in D^(X) and take its subgroup 

R := ([JF 2 ] — [JF^ — [JF 3 ] |JF X — > JF 2 — > JF 3 is a distinguished triangle) 

C Z(D*(X)). (2.8) 

We set K^(X) := Z(D^(X))/ J R and call it the Grothendieck group of B b c (X). Then the 
following result is well-known (see for example [H Theorem 9.7.1]). 

Theorem 2.3 The homomorphism 

X x:K b c (X)^CFz(X) (2.9) 
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defined by taking the local Euler-Poincare indices: 



Xxffl)(x) := ^(-l)Mim c ^(^) x (x G X) 



(2.10) 



is an isomorphism. 

For any morphism / : X — > Y of algebraic varieties over C, there exists also a com- 
mutative diagram 

K b c (X)^^K b (Y) (2.11) 



XX 



If 



CF Z (X)^CF Z (F). 

In particular, if Y is the one-point variety {pt} (K. b (Y) ~ CF%(Y) ~ Z), we obtain a 
commutative diagram 

KM^^,. (2-12) 




Among various operations in derived categories, the following nearby cycle functors 
introduced by Deligne will be frequently used in this paper (see (2j Section 4.2] for an 
excellent survey of this subject). 



Definition 2.4 Let /: X — > C be a non-constant regular function on an algebraic 
variety X over C. Set X := {x eX | f(x) = 0} C X and let i x : X < — ► X, j x : X \ 
Xq c — > X be inclusions. Let p: C* — > C* be the universal covering of C* = C \ {0} 



C) and consider the Cartesian square 

x\x - 



Px □ 



x\x ^^c*. 



Then for T e B b (X) we set 



:= i x l R{]xopxUjxop x y 1 ^ e D 6 (X ) 
and call it the nearby cycle of T. 



(2.13) 



(2.14) 



Since the nearby cycle functor preserves the constructibility, in the above situation we 
obtain a functor 

^:D&X:)— ►DftYo). (2-15) 

As we see in the next proposition, the nearby cycle functor ipf generalizes the classical 
notion of Milnor fibers. First, let us recall the definition of Milnor fibers and Milnor 
monodromies over singular varieties (see for example [23] for a review on this subject). 
Let X be a subvariety of C m and /: X — > C a non-constant regular function on X. 
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Namely we assume that there exists a polynomial function / : C m — > C on C m such that 
f\x = f ■ For simplicity, assume also that the origin G C m is contained in X = {x G 
X | f(x) = 0}. Then the following lemma is well-known (see for example [HJ Definition 
1.4]). 

Lemma 2.5 For sufficiently small e > 0, there exists r]o > with < i]q <C e such that 
for < Vr? < i]q the restriction of f : 

xnB(o-,e)nf-\D;)^D; (2.16) 

is a topological fiber bundle over the punctured disk D* := {z G C | < \z\ < t]}, where 
5(0; e) is the open ball in C m with radius e centered at the origin. 

Definition 2.6 A fiber of the above fibration is called the Milnor fiber of the function 
/: X — > C at G X and we denote it by Fq. 

For x G Xo, denote by F x the Milnor fiber of / : X — ► C at x. 

Proposition 2.7 ([2, Proposition 4.2.2]) For any T G T) b c (X), x G Xq and j G Z, 

there exists a natural isomorphism 

H\F x] T)~W{^ f {T)) x . (2.17) 

By this proposition, we can study the cohomology groups H^Fx] C) of the Milnor fiber 
F x by using sheaf theory. Recall also that in the above situation, as in the same way as 
the case of polynomial functions over C n (see [IZ]), we can define the Milnor monodromy 
operators 

^ X :HJ(F X ;C)^HJ(F X -X) (j = 0,l,...) (2.18) 

and the zeta-function 

oo 

CfAt) ■= n det ( id -^) ( " i)j (2.i9) 

j=0 

associated with it. Since the above product is in fact finite, Cf,x{t) is a rational function 
of t and its degree in t is the topological Euler characteristic x{Fx) of the Milnor fiber 
F x . This classical notion of Milnor monodromy zeta functions can be also generalized as 
follows. 

Definition 2.8 Let /: X — > C be a non-constant regular function on X and T G 
T) b c (X). Set X := {x G X | f{x) = 0}. Then there exists a monodromy automorphism 

$(JP):^(^)^V/(^) (2-20) 

of ipfiJ 7 ) in D^(X ) associated with a generator of the group Deck(C*,C*) ~ Z of the 
deck transformations of p: C* — > C* in the diagram (12.13!) . We define a C(t)*-valued 
constructible function C/(^ r ) £ CFc(t)*(^o) on X by 

QAF)(t) ■= n det ( id - /<i, t^b..'. ) i: (2.2i) 
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for x G X , where ®{F)j, x : (H j (^/(-T 7 )))* -^-> (fP^/C^ 7 )))* is the stalk at x G X of the 
sheaf homomorphism 

$(^) j : H'tyfi?)) ^(^/(^)) (2-22) 

associated with $(^ r ). 



The following proposition will play a crucial role in the proof of Theorem 13.41 and I3.12L 
For the proof, see for example, [21 p. 170-173] and [22J. 



Proposition 2.9 Let ix: Y — > X be a proper morphism of algebraic varieties over C 
and f: X — > C a non-constant regular function on X. Set g := f o it: Y — > C, 
X := {x G X | f(x) = 0} and Y := {y G Y \ g(y) = 0} = 7r _1 (.Xo). Then for any 
G G V b c (Y) we have 

I C g (Q) = (f(Rir*G) (2.23) 

in CF € ( t )*(X ), where 

: CF c(t) . (To) — CF c(t) . (X ) (2.24) 



'7r|y 

is the push-forward of C(t)* -valued constructible functions by 7i\ Yo : V — > X . 



Finally, we recall Bernstein- Khovanskii-Kushnirenko's theorem |10j . 



Definition 2.10 Let gx,g2, ■ ■ ■ ,g P be Laurent polynomials on (C*) n . Then we say that 
the subvariety Z* = {x G (C*) n | gi(x) = g2(x) = ■ ■■ = g p (x) = 0} of (C*) n is non- 
degenerate complete intersection if the p-form dg\ A dgi A • • ■ A dg p does not vanish on 
it. 



Definition 2.11 Let g(x) = Y2 v ^z n a v xV be a Laurent polynomial on (C*) n (a v G C). 
We call the convex hull of supp(#) := {v G Z n | a v ^ 0} C Z n C R n in W 1 the Newton 
polygon of g and denote it by NP(g). 



Theorem 2.12 ( |10j ) Let g%, g2, ■ ■ ■ , g p be Laurent polynomials on (C*) n . Assume that 
the subvariety Z* = {x G (C*) n | g\{x) = g2{x) = ■■■ = g p (x) = 0} of (C*) n is non- 
degenerate complete intersection. Set Aj := NP(gi) for i = 1, . . . ,p. Then we have 

X (Z*) = (-l) n - p J2 Volz( Ai,---,Ai ,...,A p ,...,A p ), (2.25) 

ai,...,Op>l -times a p -times 

ai-\ \-a p =n 1 

where Volz(Ai, . . . , Ai, . . . , A p , . . . , A p ) G Z is i/ie normalized n-dimensional mixed vol- 

ai-times a p -times 

ume of Ai, . . . , Ai, . . . , A p , . . . ,A P with respect to the lattice Z n C W 1 . 

ax-times a v -times 
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Remark 2.13 Let Qi, Q2, ■ ■ ■ , Q n be integral polytopes in (W n , Z n ). Then their normal- 
ized n-dimensional mixed volume Vo\%(Qi, Q 2 , ■ ■ ■ , Q n ) G Z is given by the formula 

n!Vol z ((5 1 ,Q 2 , • • -,Qn) 

n 

= Vol Z (Ql + Q2 + • • • + Qn) ~ V °Wl + • • • + Qi-1 + Qi+1 + ■ ■ ■ + Qn) 

i=l 

+ Vol ^(<5i + • ■ ■ + Qi-i + Qi+i + ■■■ + Q3-1 + Q3+1 + --- + Q n ) 

l<i<j<n 

n 

+ ... + ^Volz(Qi), (2.26) 

i=i 

where Volz( ■ ) G Z is the normalized n-dimensional volume. 

3 Milnor fibers over singular toric varieties 

In this section, we give explicit formulas for the monodromy zeta functions of non- 
degenerate polynomials over possibly singular toric varieties. These formulas can be 
considered to be natural generalizations of the fundamental results obtained by Kush- 
nirenko (X2J, Varchenko [23], Kirillov [IT] and Oka [20], [H] etc. 

Let M ~ Z n be a Z-lattice of rank n and set M K := l8|M. We take a finitely 
generated subsemigroup S of M such that G 5 and denote by K(S) the convex hull 
of S in Mr. For simplicity, assume that K(S) is a strongly convex polyhedral cone in 
Mr (for the general case, see Remark 13.7ft such that &im.K(S) = n. Then the group 
algebra C[S] is finitely generated over C and X(S) := Spec(C[5]) is a (not necessarily 
normal) toric variety of dimension n (see [1], [H] and [TH] etc. for the detail). Indeed, 
let M{S) be the Z-sublattice of rank n in M generated by 5 and consider the algebraic 
torus T := Spec(C[M(«S)]) — (C*) n . Then the affine toric variety X{S) admits a natural 
action of T = Spec(C[M(«S)]) and has a unique O-dimensional orbit. We denote this 
orbit point by and call it the T-fixed point of X(S). Recall that a polynomial function 
/: X(S) — > C on X(S) corresponds to an element / = J2 v ^s a v ' v ( a v G C) of C[<S]. 

Definition 3.1 Let / = X^es av ' v ( a v G C) be a polynomial function on X(S). 

(i) We define the support supp(/) of / by 

Bupp(/) := {v G S I a v ^ 0} C S. (3.1) 

(ii) We define the Newton polygon r + (/) of / to be the convex hull of lXesup P (/) ( v + 
K(S)) in K(S). 

Now let us fix a function / 6 C[«S] such that ^ supp(/) (i.e. /: X(S) — > C vanishes 
at the T-fixed point 0) and consider its Milnor fiber F at G X(S). Choose a Z-basis of 
M(S) and identify M(S) with Z n . Then each element v of S C M(S) is identified with 
a Z- vector v = (v±, . . . , v n ) and to any g = J2 v &s ' v G C[«S] we can associate a Laurent 
polynomial L(g) = ^2 veS b v ■ x v on T = (C*) n . One can easily prove that the following 
definition does not depend on the choice of the Z-basis of M(S). 
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Definition 3.2 We say that / = Y^ves a v-v E C[S] is non-degenerate if for any compact 
face 7 of r + (/) the complex hypersurface 

{x=(x 1 ,...,x n ) G (CT I L(fJ(x) =0} (3.2) 

in (C*) n is smooth and reduced, where we set / 7 := J2 v€ynS a v • v. 

For each face A -< K{S) of K{S) such that r+(/) n A + 0, let 7 A , 7 A , . . . , 7 A (A) be the 
compact faces of r + (/)flA such that dinry A = dimA — 1. Let L(A) be the linear subspace 
of Mr spanned by A and denote by M(<Sn A) the sublattice of M(S) generated by <Sfl A. 
Note that the rank of M (<Sf1 A) is dimA and we have M(SnA) M = R® z M(«Sn A) ~ L(A). 
Then there exists a unique primitive vector u A in the dual lattice M(Sf] A)* of M(«S PI A) 
which takes its minimal in r + (/) fl A exactly on 7 A C r + (/) PI A. 

Definition 3.3 We define the lattice distance <i A G Z >0 from 7 A to the origin G L(A) 
to be the value of w A on 7 A . 

Then by using the normalized (dimA — l)-dimensional volume Vol^(7 A ) G Z of 7 A 
with respect to the lattice M(S fl A) fl L(7 A ) we have the following result. 

Theorem 3.4 Assume that f = ^2 veS a v ■ v G C[«S] is non-degenerate. Then the mon- 
odromy zeta function Cf,o(t) of f: X(S) — > C at G X(S) is given by 

C/,o(*) = II Ca(*), (3-3) 
r+(/)nA^0 

where for each face A -< i^(«S) of K(S) such that T + (f) fl A 7^ we set 

caw= n (i-^) • ( 3 - 4 ) 

i=i 

We will prove this theorem as the special case of Theorem 13.121 (see Section H]). 

Let T A be the convex hull of 7 A U {0} in L(A). Then the normalized (dimA)- 
dimensional volume Volz(r A ) G Z of T A with respect to the lattice M{S fl A) is equal to 
df ■ Vol z (7 A ) and we obtain the following result. 

Corollary 3.5 Assume that f = ^2 veS a v ■ v G C[«S] is non- degenerate. Then the Euler 
characteristic of the Milnor fiber F of f : X(S) — > C at G X(S) is given by 

n(A) 

r+(/)nA^0 i=i 

Now recall the following correspondence (0 < k < n): 

{A;- dimensional faces in K(S)} {/c-dimensional T-orbits in X(S)}. (3-6) 

For a face A of K(S), we denote by Ta the corresponding T-orbit in X(S). Namely we 
set Ta := Spec(C[M(iS> fl A)]). Then we obtain a decomposition X(S) = \_\a^k(s)^ a 
of X(S). By the proof of Theorem 13.121 below, we obtain the following local version 
of Bernstein-Khovanskii-Kushnirenko's theorem which expresses the Euler characteristic 
x(Ta H Fq) of Ta fl F in terms of the Newton polygon of /. 
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Corollary 3.6 Assume that f = Ylves a v ■ v £ C[S] is non-degenerate. Then we have 

x(T A nF ) = x (Rr(F ; Cr AnFo )) (3.7) 
= x(V/(Ct a )o) (3.8) 

n(A) 

= (-l^-^VoMlf). (3.9) 

i=i 

Proof. In the proof of Theorem 13.121 below, we will prove that 

n(A) 

x(^/(Ct a )o) = (-l)^- 1 Vol z (rf )• (3.10) 

8=1 

Moreover by using Proposition 12.71 we see easily that x(i?T(T ; CtxoFo)) is equal to 
xC0/(Qr A )o)- Since Ta is a T-orbit, the decomposition = \_\a^k{s)^ a °f -^(<^0 

satisfies the Whitney regularity condition along Ta- Then the decomposition Fq = 
\_\a^k{s)(Ta H Fq) of T C X(S) is also a Whitney stratification (/: X(S) — > C has 
the isolated stratified critical value G C by [TJJ Proposition 1.3]). Finally, by applying 
[2j Theorem 4.1.22] to the constructible sheaf Cr A nF on the Whitney stratified analytic 
space F = Ua<kt(.s)(^ a n we obtain 

X (Rr(F ; C TAnFo )) = X (T A H F Q ). (3.11) 

This completes the proof. □ 



Remark 3.7 In Theorem 13 .41 we assumed that K(S) is strongly convex and G X(S) = 
Spec(C[«S]) is the T-fixed point. We can remove these assumptions as follows. Let S be a 
finitely generated subsemigroup of M = Z n such that G S and dimK(S) = n. We shall 
explain how to calculate the monodromy zeta functions (f, x (t) of polynomials / on X(S) 
at general points x G X(S). For a point x of X(S), let Ao be the unique face of K(S) 
such that x G T Ao = Spec(C[M(S n Ao)]). Then 

Y(S) : = Spec(C[S + M(S n A )]) (3.12) 

is an open subset of X(S) containing Ta and we can regard / as a function on Y(S). 
Set K' := K(S + M(S PI A )). Then there exists a decomposition Y(S) = Ua-<x' 
of K(«S) into T-orbits. Note that Ta is the smallest T-orbit in Y(S). For A -< K', 
let i A : Ta" = Spec(C[(5 n A) + M(«S n A )]) « — ► K(<S) be the embedding. Then by 
Y(S) = |J a ^ k ,Ta and Proposition 12.91 we have 

CfAt) = II C/« A ,,(C T J(t) (3.13) 

A~<K' 

(see also (OJl -llOl). Now let us set 5 A := (5 n A) + (M(5 n A) n L(A )) and Z(A) := 
Spec (C [5 a])- Then there exists a decomposition Z(A) = Ua^a °f ^(^) i 11 ^ T-orbits 
and the natural morphism 7ta: Z(A) — > Ta induces a finite covering TV — ► T Al for 
any Ai -< A. Since 7Ta induces an isomorphism T A Ta, we have -R7Ta*(Ct^) — Ct a . 
Therefore by Proposition 12.91 in order to calculate Cfoi A ,x(&T A )(t) it suffices to calculate 
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C/oiAOTTA^T^X^) at each point of the finite set vr A 1 (x) = {pi,pz, ■ ■ ■ ,Pk} C Z(A). Let 
M' ~ Z n - dimAo be a sublattice of M such that M' © (M fl L(A )) = M and set S' A = 
M' PI 5a- Then we have 

5 A = 5 A ©(M(5nA)nL(A )) (3.14) 
and -fT(iS A ) C is a strongly convex cone. Hence we have 

Z(A) ~ Spec(C[5 A ]) x (C*) dimAo d {0} x (C*) dimA ° d tt^x) (3.15) 

and C/oiA°i"A 

(Cr')(t) can be calculated at each point of n^(x) = {pi,P2, ■ ■ ■ ,Pk} by 
Corollary 13.61 Indeed, we first multiply a monomial in C[M(S fl A) fl L(A )] C C[<Sa] 
to / o i A o 7Ta G C[«Sa] and extend it to a function on Spec(C[5 A ]) x C dimA() . Then by a 
suitable translation we may assume that pi G 7r A 1 (x) is the unique T-fixed point of the 
product toric variety Spec(C[iS A ]) x C dimA ° and Corollary 13.61 can be applied. 

In the rest of this section, we extend our results to non-degenerate complete intersec- 
tion subvarieties in the affine toric variety X(S). Let fi, f 2 , . . . , fk G C[«S] (1 < k < n = 
dimX(iS)) and consider the following subvarieties of X(S): 

V := {fi = ■ ■ ■ = A_i = /* = 0} C W := {/i = • • • = /*_! = 0}. (3.16) 

Assume that G V. Our objective here is to study the Milnor fiber G of g : = 
fk\w- W — ► C at G V = 5 ,_1 (0) C W and its monodromy zeta function Cg,o(t)- 
We call Cg,o(t) the k-th principal monodromy zeta function of V = {f\ — ■ ■ ■ — fk — 0}. 
For each face A -< K(S) of K(S) such that r+(/ fc ) n A ^ 0, we set 

/(A) := {j = 1, 2, . . . , k - 1 | r+C/j-) fl A ^ 0} C {1, 2, . . . , k - 1} (3.17) 

and m(A) := |{I(A) + 1. Let L(A), M(S n A), M(«S n A)* be as before and L(A)* the 
dual vector space of L(A). Then M(S fl A)* is naturally identified with a subset of L(A)* 
and the polar cone 

A v = {u G L(A)* | (u,v) > for any v G A} (3.18) 

of A in L(A)* is a rational polyhedral convex cone with respect to the lattice M(S fl A)* 
in L(A)*. 

Definition 3.8 (i) For a function / = 5^«er+(/) a '" ' v e < ^['^] on anc ^ M e we 

set /| a := Euer+UOnA o«-«eC[5nA] and 

r(/| A ;tt):=(«er + (/)nA min (it,w)l. (3.19) 

We call r(/| A ; u) the supporting face of u in r + (/) fl A. 
(ii) For j G /(A) U {k} and u G A v , we define the w-part ff G C[S n A] of / 3 - by 

/«:= ^ a v -veC[SnA\, (3.20) 

^er(/j| A ;u) 

where /.,- = E ue r+(/ 3 ) a« • « in C[5]. 
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By taking a Z-basis of M{S) and identifying the w-parts /" with Laurent polynomials 
L(/j i ) on T = (C*) n as before, we have the following definition which does not depend on 
the choice of the Z-basis of M(S). 

Definition 3.9 We say that (f\, . . . , fk) is non-degenerate if for any face A -< K(S) such 
that r+(/ fc ) n A ^ (including the case where A = K(S)) and any u G Int(A v ) nM(5fl 
A)* the following two subvarieties of (C*) n are non-degenerate complete intersections. 

{x G (C*) n I = for any j G /(A)}, (3.21) 

{x G (C*) n I L{fJ){x) = for any j G /(A) U {k}}. (3.22) 



Remark 3.10 The above definition is slightly different from the one in [21] etc., since 
our result (Theorem 13. 121 below) generalizes the ones in [TT], [20] and |21j . 

For each face A -< K(S) of K(S) such that T+(f k ) n A ^ 0, let us set 

/a := I II U I ■ /* e C ^ ( 3 ' 23 ) 

\J6/(A) / 

and consider its Newton polygon T + (/a) C K(S). Let 7 A ,7 A , • • • ,7^(a) t» e the compact 
faces of r + (f&) fl A 0) such that dini7 A = dimA — 1. Then for each 1 < i < n(A) 
there exists a unique primitive vector u A G Int(A v ) fl M(<S fl A)* which takes its minimal 
in r+(/ A ) n A exactly on 7 A . For j G 1(A) U {k}, set 

l(fj)?--=mW,u?) (3.24) 

and 

df:= min (uf,w). (3.25) 

™er+(/ fe )nA v 

Note that we have 

7f= £ (3-26) 

jei(A)u{k} 

for any face A -< K(S) such that r + (/&) fl A 7^ and 1 < i < n(A). For each face 
A -< K(S) such that r + (/ fc ) n A ^ 0, dimA > m(A) and 1 < i < n(A), we set 

E Volz( 7(/ J1 )f , ■ ..,7(fn)t • • • Mf jml Jt • • VrjWf ). (3-27) 

ai+-+a m(A) =dimA-l times ^~ 

a g > 1 for g< m(A) - 1, a m(A) >0 ° m(A) S 

Here we set /(A) U {/c} = {j u j 2 , ...,k = j m (A)} and 

Vol z (7(/iJf , • • • ,7(/iJf , • • • ,7(/, m{A) )f , • • • ,7(/ im(A) )f ) (3.28) 

' « ' S v ' 

"l tlmes <* m (A) times 

is the normalized (dimA — l)-dimensional mixed volume of 

lUn)t ■ ■ -,l(fn)t ■ ■ • ) T(/i m(A) )f , • • • ,7(/ Jm(A) )f (3.29) 

V v ' » v ' 

"1 times a m (A) times 

(see Remark EUJ) with respect to the lattice M(S (7 A) n JL(7 A ). 
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Remark 3.11 If dimA — 1 = 0, we set 

K? = VoUj(f k )t . . . , 7 (/ & )f ) := 1 (3.30) 



times 



(in this case 7(/fc)i is a point). 

Theorem 3.12 Assume that (f\, ■ ■ ■ , fk) is non-degenerate. Then the k-th principal mon- 
odromy zeta function (g,o(t) (g = fk\w' W — > C) is given by 

Cgfl{t)= J] Cg A {t), (3.31) 

r+(/ fc )nA^0 

dimA>m(A) 

where for each face A -< K(S) of K(S) such that T + (f k ) fl A ^ and dimA > m(A) we 
sei 

c^)=n( 1 -^) ! • ^ 

i=i 

In particular, the Euler characteristic of the Milnor fiber Go of g = fu\w- W — ► C at 
£ V = <7 _1 (0) is given by 

n(A) 

x(g )= (-i) dimA - m(A) E< A -^- ( 3 - 33 ) 

r+(/ fc )nA^0 i=i 

dimA>m(A) 



4 Proof of Theorem 13.12 



Now let us prove Theorem 13.121 Theorem 13.41 will be proved as a special case of Theorem 
13.121 Our proof is similar to the one in [2S] • 

First let i&: Ta c — > X(S) be the closed embedding. Since nearby cycle functors 
take distinguished triangles to distinguished triangles, by X(S) = \_\a-<k(s) and W = 

C„fl(t) = (f k ,a(C w )(t) (4.1) 

= Ch,o (Qn { o } ) (t) (4.2) 

II (f k ,°( C T A nw)(t) (4.3) 

{0}<A^K{S) 

II Cf k fi(iAX TA nw)(t) (4.4) 

{0}<A^K{S) 

II Cho lA ,o(C TAnW )(t). (4.5) 

{0}<A^K{S) 

Here we used Proposition 12.91 to prove the first and last equalities. We set 

G,a(*) := Cf k oi A ,o (C TA nw) (t) E C(t)*. (4.6) 

Since the condition T + (fk) fl A = is equivalent to the one fk ° ^a = 0, for a face A 
of K{S) such that T+(fk) fl A = the nearby cycle i>f h oi A (Qr A nw) vanishes and hence 
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Cs,a(£) = 1- Therefore, in order to calculate the monodromy zeta function Cg,o(t) °f 
g = fk\w- W — ¥ C at G (7 _1 (0), it suffices to calculate Cs,a(£) only for faces A of K{S) 

such that A ^ {0} and T + {f k ) n A ^ 0. 

Let us fix such a face A of K{S). Set n! := dimA and f '■= fk ° i-A'- T A — > C. Note 
that we have T A = Spec(C[M(S n A)]) and Ta = X(S n A) := Spec(C[S n A]). We shall 
calculate the function 

( 9 ,AW=(/,o(C w )(t)GC((r. (4.7) 
For this purpose, we divide the polar cone 

A v = {u E L(A)* | (u, v)>0 for any v E A} (4.8) 

of A in L(A)* by the equivalence relation 

u~ u ' 44 T(f J \ A ;u)=T(f J \ A ;u') (Vj E /(A) U {k}) (4.9) 

(see ( 13~T9D ). Then we obtain a fan Ea = K'}i in (L(A)*,M(5 n A)*) such that 
|J i rel.int(erQ = A v , where rel.int(-) is the relative interior. Note that for the product 

/a = (llje/(A) fj) ' /* G C [ 5 ] and G AV we nave 

u ^ u ^ T(f A \ A ;u) = T(f A \ A ;u'). (4.10) 

By applying sufficiently many barycentric subdivisions to Ea, we obtain a fan E := Ea = 
{(jjjig/ in (L(A)*, M(5nA)*) such that |J. rel.int(cxj) = A v and the (normal) toric variety 
Xs associated with it is smooth. Then the open dense torus i n -^s is defined by 

T A = Spec(C[M(5n A)]). (4.11) 

Since the subsemigroup M(S D A) D A of M(S fl A) is saturated, the affine toric variety 
Z(A) := Spec(C[M(5 fl A) fl A]) is normal and there exists a natural T^-equivariant 
morphism 

m: Z(A) — >X(SnA) (4.12) 

induced by S fl A C M(S fl A) fl A. There exists also a natural T^-equivariant proper 
birational morphism 

tt 2 :X e ^Z(A) (4.13) 

induced by the morphism E — > {A v } of fans in (L(A)*,M(«S fl A)*). Hence we obtain 
a T^-equivariant morphism 

7T ;= ttj 7T 2 : X s — > X (S H A) . (4.14) 

We shall use this morphism 7r for the calculation of C^aW- For a ^ ace T ^ V °f 
denote by A r the polar face A fl r -1 of r in L(A) and set 

T' T := Spec(C[M(5n A)Hr ± ]) = Spec(C[Af(5nA)nL(A r )]), (4.15) 
T r := Spec(C[M(5n A T )]). (4.16) 

Then T' T and T T are T^-orbits in Z(A) and X(<S fl A) respectively. Note that we have 
T{o} = T A and Tr i = under this notation. Since the kernel of the canonical morphism 

T; = Spec(C[M(<S n A) n L(A T )]) — > T T = Spec(C[M(5 n A T )]) (4.17) 
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is isomorphic to the finite group M(S n A T )*/(M(S n A) n L(A r ))* (see pH p.22]), the 
morphism tti\t' '■ T' T — > T T is a finite covering. 

For a cone a { G E, denote by T". the T^-orbit Spec(C[M(«SnA)no" l ± ]) ~ (c*) dimA - dimCT » 
in (in particular we have T'/ Q x = T'JJ. Then we obtain a decomposition X-£ = LL es -^o-' 
of X-£. Note that the proper morphism 7r 2 : X e — ► Z(A) induces an isomorphism 

Let us set f :— f on: X-^ — > C and apply Proposition 12.91 to the constructible sheaf 
&r£mr- 1 (T&nw) D^(Xs). Since the morphism 7r: X s — > X(SC)A) is proper and induces 
an isomorphism k\t'1'- ^a> by the above descriptions of 71"! and 7r 2 we have 

i?7r* (C T » n7r -i (TAnW /)) ~ C TAnW (4.18) 

in D^(X(5 fl A)). Then by Proposition 12.91 for the calculation of 

C/,o (C TAnW ) (t) = C/,o (C T »n.-MT A n W ))) (t) e C(t)* (4.19) 

it suffices to calculate the value of (f(C T » n7! .-i(T A nw)) a t eacn point of 7r _1 (0). 

Let cr G S be a cone in £ such that rel.int(<T ) C Int(A v ) T" o C 7r _1 (0)). In order 

to calculate the constructible function (j (C r » n7r -i( TAnH /)) on T" o , take an n'- dimensional 
cone o"i G £ such that (x -< ci and let {ai, a 2 , . . . , a n /} be the 1-skelelton of o\. In other 
words, a, 7^ G M(«S fl A)* are the primitive vectors on the 1-dimensional faces of o\. 
Set p := dimcro- Without loss of generality, we may assume that {a\, a 2 , . . . , a p } is the 
1-skeleton a . For j G /(A) U {£;}, we set 

m(j) t : = min (a i ,'u;)>0 (i = 1, 2, . . . , n'). (4.20) 

wer+(/ f )nA 

For simplicity, we set also rrii := m(k)i {i = 1, 2, . . . , n'). 

Let Z7"i := C n (cj) ~ C™ be the affine toric variety associated with the fan {a- / } (T / X(Tl 
in (L(A)*,M(5 n A)*). Then C7i is an affine open subset of X E and in L7i ~ C™' the 
T^-orbit T" o is defined by 

K = {y= (2/1, • • • , 2v) I 2/i = • • • = V P = 0, y p+1 , ...,y n ,?0}~ (C*)"'^. (4.21) 
Moreover for j G /(A) U {A;}, on U\ ~ C™ the function fj o it: X-% — > C has the form 

(fj o 7r)(2/) = 2/r Wl y 2 mW2 • • -Vn^' ■ fPiv), (4-22) 

where fp is a polynomial function on U\. Note that by the assumptions T" o C 7r _1 (0) 

and /fc(0) = we have T" o C / _1 (0). Since f^W" ^ by the construction of the fan 
S, at least one of the integers m 1 ,m2, . . . ,m p > must be positive. Note that by the 
definition of /(A) we have fj o i A e on X(S fl A) for any j ^ I {A) U {A;}. Hence we 
obtain our key formula 

T£nn-\T A nw) =T^n p| {J/ 1 = 0}. (4.23) 

je/(A) 

Moreover by the non- degeneracy of (/i, / 2 , . . . , /&) (see Definition 13.91) we obtain the fol- 
lowing lemma. 
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Lemma 4.1 The gradient vectors {grad(/ J 1 )} j^i(A) (resp. {grad(/j Tl )} :)g 7(A)u{A:}y' are lin- 
early independent on Ojei^ifj 1 = ®} ( res P- CljeiiA^kjifj 1 = 0}) in a neighborhood of 



rnll 
CO ' 

Proof. First, by the non-degeneracy of (/i, / 2 , • • • , fk), for any u G Int(A v ) D M(5 D A)* 
the Laurent polynomials L'(ff) on Spec(C[M(S) n L(A)]) ~ (C*) dimA defined by the 
li-parts fV G C[S n A] (j G /(A) U {k}) satisfy the conditions similar to the ones in 
Definition 13.91 Since the natural morphism 

Spec(C[M(5) n L(A)]) ~ (C*) dimA — > Ta = Spec(C[M(<S n A)]) (4.24) 

is a finite covering, also the corresponding Laurent polynomials L"(fJ) (j G /(A) U {k}) 
on Ta — (C*) dimA satisfy such conditions. Then the result follows from the classical 
arguments (see [21] etc. for the detail). □ 

For j G 1(A) U {k}, we set 

V=^:i:-C. (4.25) 

Proposition 4.2 In the situation as above, we have 

(i) If diniCTo = I, then for y = (0, y 2 , . . . , y n i) G T" Q ~ (C*)"'" 1 we have 

r (c Wrt-J 1- '" 11 ^ e (n i6 / ( A){^ = o» \ C** = o}. r42fi x 

V,» Ivr^nw-HTAnHOj W - i • I 4 - 26 ) 

•" w II otherwise. 

(ii) // dimcxo > 2, we have 

Cj (^nn-^T^w)) =1 n' - (4-27) 

Proof. Set / := Jj{l < « < P \ m% > 0}. If I > 2, then by Lemma [4.11 we obtain 

C/(C T £n7r-HT A rw)) = lr» (4.28) 

CT 

(see for example [2T1 p. 48-49] etc.). Let us consider the case where 1 = 1. If y G 

T " \ (Dje/(A){^ = °i) 01 V e (rije/(A){^ = °}) n i h k = °}> also b y Lemma Owe can 
show that £r (C r » n7r -i( TAn vi/)) (i) = 1. By dimT^ — dimT" o = p, in a neighborhood of 
each point of (D^e/fA)"^ = 0}) \ = 0}) we have 

{/ = e} n (t^ n 7t _1 (Ta n w)) ~ (c*) p_1 x A (o<|e|<i), (4.29) 

where A is a constructible set. If p > 2, the Euler characteristic of (C*) p-1 is zero and we 
can easily prove that the equality 

C/(CT£n7r-i(T A nwo) = 1t» (4.30) 

CT 

holds (see [2H p. 48-49] etc.). Finally, consider the case where / = 1 and p = 1. In this 
case, on Ux ~ C™' the function f = fk ° ^ has the form 

7(i/) = vT ■ {vTvT ■ ■ ■ vZ n ') ■ /? (v)- ( 4 -3i) 

Then by Lemma 14.11 for y G T" o we can easily prove (14.261) . □ 
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Now let us return to the proof of Theorem 13.121 By the proposition above, in order 
to calculate C$,a(£), it suffices to consider the values of the C(t)*-valued constructible 
function 

C/ (C22n*-i(T A rw)) = ^(O) — C(t)* (4.32) 

7T 1 (0) 

only on T" for <jq G S such that rel.int(ero) C Int(A v ) and dimao = 1. Let us take 
such a 1-dimensional cone cr € S. Let m / 6 M(<S H A)* be the unique non-zero 
primitive vector on cr and for j E 1(A) U {k} set l(fj) A '■= T(fj\^;u). Then j(fj) A is 
naturally identified with the Newton polytope of the Laurent polynomial hj : T" o — > C 
on T" ~ (C*)' 1 ^- 1 and by Theorem EE] we have 



-l) dimA - m(A) X ( ( fl i h i = °> ) \ ^ = °> 

= (-1)^-^) x n to=o}]-xi n ^ = °> ) [ ( 4 - 33 ) 

[ \i6/(A) / \jei(A)u{k} J J 

E ™ Mfn)u, • -,7^)^ , • • - Mf im( jt • • • ,7(/j m(A) )u> (4-34) 

ai+-+a m (A)=dimA-l timcs v '~ 

a, > 1 for q < m(A) - 1, a m(A )>0 «m(A)-"mes 

Here we set 1(A) U {k} = {ji,jz, . . . , k = j m (A)}- Now recall that we have 

r(/AU;«)= E -y(/i)?- (4-35) 

j6/(A)U{fc} 

Hence if dimr(/A|A; u) < dimA — 1, then all the mixed volumes in (14.341) vanish and 



x v\ Q {hj=0} j x{hk=o] j =o - (4 - 36) 

This implies that for the calculation of Cs,a(0 = C/,o (Ctadw) (*) G we have only to 

consider the compact faces 7^, 7^, . . . , 7^ A ) of T + (/a) H A such that dinry^ = dimA — 1 
and their normal primitive vectors u A , u A , . . . , e lnt(A v ) n M(S n A)*. 
Summerizing these arguments, we finally obtain 



C*a(*) = C/,o(Cr A nw)W (4-37) 

= E 1 - 1 * ' • < 4 - 38 > 



Since = for m(A) > dimA by the definition of K A , we also have 



Ctf>(*) = II C S) a(*). (4.39) 
r+(/ fe )nA^0 

dimA>m(A) 

This completes the proof of Theorem 13.121 □ 
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5 Monodromy zeta functions of torus invariant 
sheaves 



In this section, we generalize our Theorem 13.41 to T-invariant constructible sheaves on 
general toric varieties. 

First, let X be a (not necessarily normal) toric variety over C and Tel the open 
dense torus which acts on X itself. Let X = \_\ a X a be the decomposition of X into 
T-orbits. 

Definition 5.1 (i) We say that a constructible sheaf T on X is T-invariant if T\x a is 
a locally constant sheaf of finite rank for any a. 

(ii) We say that a constructible object T G T) b c (X) is T-invariant if the cohomology 
sheaf H^{T) of T is T-invariant for any j G Z. 

Note that the so-called T-equivariant constructible sheaves on X are T-invariant in 
the above sense. 

From now on, we consider the (not necessarily normal) toric variety X(S) and the 
regular function /: X(S) — ► C on it considered in Section [3j We shall freely use the 
notations in Section [31 Let T G D*(Jf(<S)) be a T-invariant object. Our objective here is 
to calculate the monodromy zeta function 

C/(^)(t):=C/,o(^)(t)eC(t)* (5.1) 
of T G B b c (X(S)) at the T-fixed point G X(S). Since we have 

c/(^)w=no(^'(^)) ( " iy , (5.2) 

we may assume from the first that T is a T-invariant constructible sheaf on X[S). For 
each face A -< K(S) of K(S), denote by Ta C X(S) the corresponding T-orbit in X(S) 
and consider the decomposition 

X(S)= □ T A (5.3) 

A-<K(S) 

of X(S) into T-orbits. For A -< K(S), we denote the local system T\t a on Ta by Ca- 
Let ja: T\ c — > X(S) be the inclusion. Then by Proposition 12.91 we have 

Cf(m)= n C/((ja)-/:a)(0- (5-4) 

A-<K(S) 

In order to calculate the monodromy zeta functions C/((ja)!^a)(^) G C(t)* as in the proof 
of Theorem 13.41 we need the following elementary propositions. 

Proposition 5.2 Let £ be a local system of rank r > on C* = C \ {0}. Denote by 
A G GL r (C) the monodromy matrix of C along the loop {e v/ ~ T61 | < 6 < 2ti} in C* ; 
which is defined up to conjugacy. Let j : C* c — > C be the inclusion. 
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(i) Set d := dimKer(id — A). Then we have 

(ii) For any j G Z, we /iai>e 



' d (J = 0,1), 
(otherwise) . 



(5.5) 



H 3 (C;jX) ~0. (5.6) 
(iii) Let h be a function on C defined by h(z) = z m (m G Z >0y ) /or zeC. T/ien we /love 

C h ,oUiJC)(t) = det(id - **M) G C(t)*. (5.7) 

Proof. For the proof of (i), see for example [TBI Lemma 3.3]. The assertion (ii) is easily 
obtained from (i). Let us prove (iii). By taking small e > 0, for k — 0, 1, . . . , m — 1 set 
Pfc := ee m G C*. Then we have an isomorphism 



m—l 



(5i 



fc=0 



We fix an isomorphism £ Po ~ C r and for each fc = l,2,...,m— 1 construct an isomorphism 
C Pk ~ C po = C r by the translation of the sections of £ along the path 7*.: [0, 1] c — > C*, 



7fc(s) = £e m 1 s . Then we obtain an isomorphism 



m— 1 



^(j,£)o^0/; Pfc ^c mr . 



(5.9) 



fc=0 



Since the monodromy automorphism of iph{j\£)o corresponds to the matrix 



1° 


. 


.. O A\ 




id 


. 


..0 







id 


■■ '•• 


^ GL mr (C) 


\o 




.. id 0) 




C)o^ 


c mr , 


we obtain 





(5.10) 



□ 



Proposition 5.3 Let £ be a local system on (C*) fe and j: (C*) fc 



C fc t/ie inclusion. 



Let h:C k — > C be a function on C k defined by h(z) = z^z™ 2 ■ ■■z™ k (jt 1) ( mi G Z> ) 
for z G C k . If k > 2, the monodromy zeta function Ch,o(j\£)(t) (resp. (h,o(Rj*£)(t)) of 
ji£ G D*(C fe ) (resp. RjX G B b c (C k ) ) at G C k is 1 G C(*j*. 

Proof. Since the proof of (h^Rj^C)^) = 1 is similar, we prove only ( h)0 (Rj\£)(t) = 1. 
Let F be the Milnor fiber of /i at G C fc . Then there exist e , r] > with < r/ ^ £ o 
such that the restriction 



B(0;e )nh- 1 (D 



1 / 7~1* > 



D 



(5.1i; 
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of h is a fiber bundle over the punctured disk D* o = {xGC|0<|x|<r] } with fiber F Q . 
Furthermore, by using the special form of h, we may replace the above constant Eq, r] > 
so that there exists also an isomorphism 

Rr(h-\x)-]X) RT{br x {x) D B(0;e ); jiC) (5.12) 

for any x G D* . Indeed, this isomorphism can be obtained by applying Kashiwara's 
non-characteristic deformation lemma ([HI Proposition 2.7.2]) to the constructible sheaf 
{j\^-)\h- 1 {x) on the complex manifold h~ 1 (x). Set T = U\£) b(o £ o) e D 6 (C fc ). Then for any 
j G Z the cohomology sheaf H 3 (Rh^J 7 ) is a local system on D* o and via the isomorphism 

Hi(Mji£))o - H\F -jX) ~ H*{RKP) X (x G -D* ) (5.13) 

(obtained by Proposition 12 .71) the monodromy automorphism of H 3 \iph{j\£))o corresponds 
to the one Q^ x : H 3 \Rh*T) x ^—>- H 3 (Rh Jf J-') x obtained by the translation of the sections 
of the local system H^Rh^J 7 ^ along the path ^ x : [0,1] — > D* i x (s) = e 2li ^ ls x 
(see the discussions just after [2J Proposition 4.2.2]). This automorphism Qj X can be 
functorially constructed as follows. First, define a morphism [0, 1] x D* o — > D* o by 
ty(s,x) = e 27T ^ r ~ ls x and let 7r: [0, 1] x D* — > D* be the projection. For q = 0,1, let 
i q : D* o ~ {q}xD* o < — > [0, l]xD* o be the inclusion and set ty q = ^(q, *) = tyoi q : D* o 
/}* o . Note that — ^i — in this case. Then for q = 0, 1 we obtain an isomorphism 

Rix^RKF Rn*{i q )*{i q )~ l ^~ l Rh*F ^ ^RKF (5.14) 
in T) b c (D* o ). Hence by setting \1/ := ^ we obtain an automorphism of Rh*T 

RKT m,yr 1 Rh m J 7 mj&^BKF = RKT (5.15) 
which induces Qj, x - Similarly, define a morphism $: [0, 1] x C k — > C fc by 

$(s,z)=(e ™ d zi,e z 2) ...,e ™* z h zi +1 , . . . , z k \ (5.16) 

and let w : [0, 1] x C fe — > C fe be the projection. For g = 0, 1, set $ g = $(g, *) : C fe — > C fe . 
In this case, we have $o = idc fc > an d induces the monodromy automorphisms of the 
global Milnor fiber h~ 1 {x) and the local one F = hr l (x) PI 5(0; Eq) for any x G D* . Then 
by setting $ := $i : C fc C fe we obtain also isomorphisms 

RwJ>- l jX -^-> % l 3\C = jX (5.17) 

and hence an automorphism Rj X of H 3 (F ;j\£) defined by 

H j (F ;jX) — > H\F Q ;R^- x jX) ~ H 3 (F ; RQ^jX) = H 3 (F ;jX). (5.18) 

By the functorial constructions of <5j> and -Rj,x, we can easily check that via the isomor- 
phism H 3 '(Rh+J 7 ),. ~ H 3 (F ; jX) the automorphism Q j a . corresponds to Rj iX . Therefore, 
in order to calculate the monodromy zeta function ( h0 (j\£)(t) it suffices to calculate the 
one for the automorphisms Rj )X : H 3 (F ; jX) — > H 3 (F ; jX) induced by the isomorphism 
<&~ 1 j\£ jX. Moreover, by the isomorphism ( 15. 12ft . we have only to calculate the zeta 
function for the automorphisms of H 3 (ft. -1 (a;); jX) induced also by §~ 1 j\£ —> jX. 
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Now, without loss of generality, we may assume that there exists 1 < I < k such 
that m!,m 2 , . . . ,m; > and = • • • = m k = 0. Moreover, by replacing exponents, 
we may assume also that h(z) = (z™ 1 • • ■ z™ l ) m with m > 1 and gcd(m!, . . . ,rri[) = 1. 
Set d := mi + ■ ■ ■ + mi. Let M = (rriij) £ SL(Z; Z) be a unimodular matrix such that 
mi j = rrij for j = 1, . . . , I. We define an isomorphism A M - (C*) 1 x C k ~ l (C*) 1 x C k ~ l 
by' 

w = A M (z) = (zT 1A ■ ■ ■ zT'\ z? A ■ ■ ■ apWi, ...,z k ) (5.19) 
and an isomorphism $' : C k — > C k by 

$ (wi, . . . , w k ) = e m Wl; e md w 2 ,...,e w h Wi +1 , . . . , w k ) , (5.20) 



where we set di := m^i + ■ • ■ + mjj for i = 2, . . . ,1. Moreover we define a function 
fr': (C*) 1 x C fc "' — >• C by h'(w) = wf . Then we have 

A M (h-\x)) = h'-\x) (x £ D*J, (5.21) 
Am ° ($|(c*) ! xC fc -0 = (*'l(c*) ! xC fc -0 ° Am- (5.22) 

Let j' : (C*) fc c — > (C*) 1 x C fc ~' be the inclusion and consider the local system 
C := (Ajvf |(c*)fc)*£ on (C*) fc . Similarly to K,- )X , we can construct an automorphism R'- 



3,x 



of H 3 \h'~ l (x); by constructing an isomorphism <$>'~ 1 jl£ — j'jC' '. Then via the nat- 
ural isomorphism H 3 \F ;j\C) ~ H 3 \h~ l (x); j\C) ~ H 3 {h'~ 1 {x);j[C) induced by A M the 
automorphism Rj jX corresponds to R'j x - Define an automorphism C k — ► C k by 

$"(wx, ...,w k )= (e^^wx, w 2 ,..., w k j . (5.23) 

Then we can construct also an automorphism R'- x of H J (h'~ 1 (x); j'jC') by constructing an 
isomorphism <§>"~ x j[£ j[C . We define a homotopy morphism G: /i /_1 (x) x [0, 1] — > 
h'^ 1 (x) such that 6(-,0) = f&'V- 1 ^) and 6(-, 1) = ^'U'- 1 ^) by 

6(w, s) = [e~^~wi, e ™<* s u> 2 , • • • , e~^~ s w h w [+1 , w k J . (5.24) 

Let h'~ 1 (x) x [0, 1] — > /i /_1 (x) be the projection. Then similarly to — —> j\C, we 
can construct a natural isomorphism 6~ 1 (j|'£ / |/ l /-i( :r )) P~ 1 (j\£'\h'- 1 (x))- By applying 
Lemma EH below to Y — /i /_1 (x) and 6, we get R'j = R" x and 

oo 

( h , (jX)(t) = ndet(id - IR'IJ (5.25) 

Note that each connected component K of ft/ -1 (a;) is isomorphic to (C*) i_1 x C fe ^. 
Moreover by our assumption k > 2 and Proposition 15.21 the Euler-Poincare index 
x{Rr(K',j[C)) of Rr(K;j[C) is zero. Then the result follows from the classical ar- 
guments as in [2D Example (3.7)] and the Kunneth formula. This completes the proof. 
□ 



Lemma 5.4 Let fo, f\ : Y — > X be two morphisms of topological spaces. Set I = [0, 1] 
and letpy' Y xl — > Y be the projection. Assume that there exists a homotopy morphism 
6: Y xl — >■ X between f and f\ such that ©(-, q) = f q for q = 0,1. For J 7 £ D b (Y) and 
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Q G T) b (X), assume that there exists an isomorphism $: O 1 Q p Y x T . For q = 0, 1 ; 
let /N; Rr(X;Q) — > RTiY;^) be the morphism obtained by 

RT(X; Q) > RT(X- Rf q J- l G) ^ RT(Y; f^G) RT(Y; T) . (5.26) 

Then we have fl = f\- 



Proof. For q — 0, 1, let i q : Y ~ Y x {q} c — ► Y x I be the embedding. Then we obtain 
the following commutative diagram: 



KT{X-Q) 



RriY x j; e- 1 ^) — Rr{Y x /; p- 1 ^-) 



Rr(Y-T) (5.27) 



izror^e-^) 

This proves the lemma. 



*lvx{ 9 } 



I 



□ 



With these propositions at hands, we can prove the following explicit formula for 
Cf(J r ){t) G C(t)* as in the same way as the proof of Theorem 13.41 For each A -< K(S) by 
fixing an isomorphism M(SC\ A) ~ Z dimA , we obtain an isomorphism Ta = Spec(C[M(«Sn 
A)]) ~ (C*) dimA . We regard £a as a local system of rank r A on (C*) dimA via this 
isomorphism and denote by A A G GL rA (C) (j — 1, 2, ... , dimA) the monodromy matrices 
of £a along the loops 

j 

{(1, 1, . . . , 1, e^\ 1, . . . , 1) G (C*) dimA | < 9 < 2vr} (5.28) 

in (C*) dimA ~ Ta, which are determined up to conjugacy. Note that the matrices 
Af~, A^, . . . , ^4 A m A mutually commute. Finally by using the inner conormal vectors 
ttf , m a , . . . , m a a) G M(S n A)* of the compact faces 7 A , 7 A , . . . , 7 A {A) of r+(/) n A intro- 
duced in Section [3] we set 

dimA 

for 1 < i < n(A), where (izfi, « A 2 , . . . , w A dim A) ^ Z dimA is the image of uf by the isomor- 
phism M{S n A)* ~ Z dimA .' 



Theorem 5.5 Assume that f = ^2 veS a v ■ v G C[«S] is non-degenerate. Then the mon- 
odromy zeta function Cf(J~)(t) = Cf,o(J~)(t) G C(t)* of the T -invariant constructible sheaf 
T at G X{S) is given by 

c f (m)= n C/,A^m (5-30) 

r+(/)nA^0 

where for each face A -< i^(«S) of K(S) such that T + (f) fl A ^ we se£ 

n(A) 

C/.a(^)(*) = II det ( id - t<Bf)^ dimA - ly ° 1 ^. (5.31) 
i=i 
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By the same methods, also for non-degenerate complete intersection subvarieties W = 
{fi = ■■■ = fk-i = 0} D V = {fx = ■ • • = fk-i = fk = 0} in X(S) and T-invariant 
constructible sheaves T on X(S) we can give a formula for the monodromy zeta function 

( fk {Fw){t) ■= CA,o(*W)(f) e C(t)* (5.32) 

of Tw = -T 7 ®c x(S) &w G D*(X(«S)) at G -X"(«S). The precise formulation is now easy 
and left to the reader. 



References 

[1] Deligne, P., Le formalisme des cycles evanescent s, SGA7, expose XIII, Groupes 
de Monodromie en Geometrie Algebrique, Part II, Lecture Notes in Math., 340, 
Springer, Berlin (1973). 

[2] Dimca, A., Sheaves in topology, Universitext, Springer- Verlag, Berlin (2004). 

[3] Esterov, A., Determinantal singularities and Newton polyhedra, Proceedings of the 
Steklov Institute of Mathematics, 259, 1-34 (2007). 

[4] Fulton, W., Introduction to toric varieties, Princeton University Press (1993). 

[5] Gelfand, I.-M., Kapranov, M.-M. and Zelevinsky, A.-V., Hypergeometric functions 
and toral manifolds, Funct. Anal. Appl., 23, 94-106 (1989). 

[6] Gelfand, I.-M., Kapranov, M.-M. and Zelevinsky, A.-V., Discriminants, resultants 
and multidimensional determinants, Birkhauser (1994). 

[7] Gusev, G., G., Monodromy zeta-functions of deformations and Newton diagrams, 
Revista Mathematica complutense, to appear. 

[8] Hotta, R., Takeuchi, K. and Tanisaki, T., D- modules, perverse sheaves, and repre- 
sentation theory, Birkhauser Boston (2008). 

[9] Kashiwara, M. and Schapira, P., Sheaves on manifolds, Springer- Verlag (1990). 

[10] Khovanskii, A.-G., Newton polyhedra and toroidal varieties, Funct. Anal. Appl., 11, 
289-296 (1978). 

[11] Kirillov, A.-N., Zeta function of the monodromy for complete intersection singulari- 
ties, Journal of Mathematical Sciences, 25, 1051-1057 (1984). 

[12] Kouchnirenko, A.-G., Polyedres de Newton et nombres de Milnor, Invent. Math., 32, 
1-31 (1976). 

[13] Looijenga, E., Isolated singular points of complete intersections, London Math. Soc. 
Lecture Notes 77, Cambridge University Press (1984). 

[14] Massey, D., Hypercohomology of Milnor fibers, Topology, 35, 969-1003 (1996). 

[15] Matsui, Y. and Takeuchi, K., A geometric degree formula for A-discriminants and 
Euler obstructions of toric varieties, arXiv:0807.3163, 



23 



[16] Matsui, Y. and Takeuchi, K., Monodromy zeta functions at infinity, Newton polyhe- 
dra and constructible sheaves, arXiv:0809.3149, 

[17] Milnor, J., Singular points of complex hypersurfaces, Princeton University Press 
(1968). 

[18] Nang, P. and Takeuchi, K., Characteristic cycles of perverse sheaves and Milnor 
fibers, Math. Z., 249, 493-511 (2005). 

[19] Oda, T., Convex bodies and algebraic geometry. An introduction to the theory of 
toric varieties, Springer- Verlag (1988). 

[20] Oka, M., Principal zeta- function of non-degenerate complete intersection singularity, 
J. Fac. Sci. Univ. Tokyo, 37, 11-32 (1990). 

[21] Oka, M., Non-degenerate complete intersection singularity, Hermann, Paris (1997). 

[22] Schurmann, J., Topology of singular spaces and constructible sheaves, Birkhauser 
(2003). 

[23] Takeuchi, K., Perverse sheaves and Milnor fibers over singular varieties, Adv. Stud. 
Pure Math., 46, 211-222 (2007). 

[24] Tanabe, S., Combinatorial aspects of the mixed Hodge structure, arxiv:0405062. 

[25] Varchenko, A.-N., Zeta-function of monodromy and Newton's diagram, Invent. 
Math., 37, 253-262 (1976). 



24 



